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Abstract 

In this paper we consider the gauge theory living on the world- volume of a stack 
of N D3-branes of Type 0B/fi'J 6 (-l) Fi and of its orbifolds C 2 /Z 2 and C 3 /(Z 2 x Z 2 ). 
The gauge theories obtained in the three cases are a brane realization of "orientifold 
field theories" having the bosonic sector common with Af = 4, 2, 1 super Yang-Mills 
respectively. In these non-supersymmetric theories, we investigate the possibility of 
keeping the gauge/gravity correspondence that has revealed itself so successful in 
the case of supersymmetric theories. In the open string framework we compute the 
coefficient of the gauge kinetic term showing that the perturbative behaviour of the 
orientifold field theory can be obtained from the closed string channel in the large N 
limit, where the theory exhibits Bose- Fermi degeneracy. 
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1 Introduction 

In the last years it has been shown in several cases that the pertubative properties such as 
the chiral and scale anomalies [2] [3] of less supersymmetric and non-conformal theories 
living on D-branes can be obtained from their correponding supergravity solutions . This 
came as a surprise because the supergravity "dual" solution was supposed to give a correct 
description of the gauge theory for large values of the 't Hooft gauge coupling constant ^U] . 
The explanation of this fact was given in Ref. where it was shown, in the case of the 
two orbifolds C 2 /Z2 and C 3 /(Z2 x Z2), that the contribution of the massless open string 
states to the coefficient of the gauge kinetic term obtained from the annulus diagram is 
exactly equal, under open/closed string duality, to the contribution of the massless closed 
string states. Actually it can also be shown that the contribution of the massive states is 
identically zero giving no threshold corrections 2 . 

The previous results have been shown to be valid in the case of theories that, al- 
though non-conformal, preserve some super symmetry. Can they be extended to non- 
supersymmetric theories? Obvious candidates for non-supersymmetric theories are the 
Type ones that have been studied by constructing their supergravity duals in Refs. |12j . 
|13j and [Tl]. The problem is, however, that they have a tachyon in the closed string sector. 
Tachyon free orientifolds of these theories, called 0' theories, were introduced in Ref. ^5] 
and their properties were extensively studied from different points of view in Refs. |16j |17j 
[TH] . On the other hand it is clear that the most promising theories to study with these 
methods are the ones that are as close as possible to supersymmetric theories. Recently 
non-supersymmetric theories have been studied that in the large number of colours are 

1 For general reviews on various approaches see Refs. [4] -5- [8]. See also Ref. [5] 
2 We thank Jose' F. Morales for pointing this out to us. 
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equivalent to supersymmetric theories 3 . In Refs. ^5], ^7] and |21j . non-super symmetric 
gauge theories that are conformal in the planar limit have been analyzed. In particular 
a large N conformal non-supersymmetric gauge theory may be obtained as the world- 
volume theory of N D3-branes of the orientifold 1) Fl of OB theory, where Q! is the 
world-sheet parity, Iq the inversion of the coordinates orthogonal to the world- volume of 
the D3-branes and Fl is the space-time fermion number operator in the left sector. The 
gauge theory so constructed is an example of "orientifold field theory" which in the large 
iV limit is equivalent to M = 4 super Yang-Mills. 

More recently some attention has been paid to the orientifold field theories that contain 
a gluon and a fermion transforming according to the two- index symmetric or antisymmetric 
representation of the gauge group SU(N) [22] and that in the large N limit are equivalent 
to M = 1 SYM. 

In this paper we review the brane construction of the M = 4 orientifold field theory, 
which is planar equivalent (i.e. equivalent in the limit N — > oo with A = 9ym^ fixed) to 
N = 4 super Yang-Mills. By means of the orbifold projections C 2 /Z2 and C 3 /(Z2 x Z2), 
we give a complete string description of the orientifold field theory whose spectrum has, 
in the large N limit, the same number of degrees of freedom as M = 2, 1 super Yang- 
Mills. The latter theory has been shown to be planar equivalent, both at perturbative and 
not-perturbative level, to M = 1 SYM [T^j . 

In the open string framework we compute the running coupling constant and show that 
in the large ./V limit, where the Bose-Fermi degeneracy of the gauge theory is recovered, we 
can obtain the perturbative behaviour of the orientifold field theories also from the closed 
string channel. We see, however, that the next to leading term in the large N expansion 
of the /3-function cannot be obtained from the closed string channel. This means that 
gauge/gravity correspondence holds only in the planar limit as far as the running coupling 
constant is concerned. When we then consider the #-angle we see that both the leading 
and the next to leading terms can be equivalently determined from the open and the closed 
string channel. This follows from the fact that in the string framework the #-angle does 
not admit threshold corrections and thus it is invariant under open/closed string duality. 

The paper is organized as follows. In Sect. © we summarize the main proper- 
ties of Type theories. Sect. © is devoted to the construction of the orientifold 
0B/(Q'I 6 (-1) Fl ). In the first subsection we construct its open and closed string spec- 
trum, in the second one we compute the one-loop open string diagrams and finally in the 
third one we introduce an external field and we compute the running coupling constant in 
both the open and closed string channels finding agreement between them only for large 
values of N, being U(N) the gauge group. In Sect. Q we consider the orbifolds C 2 /Z2 
and C 3 /(Z2xZ2) of the previous orientifold obtaining non-supersymmetric gauge theories 
that in the large N limit reduce respectively to J\f = 2 and J\f = 1 SYM. Finally in the 
Appendix we perform some calculations useful in Sect. (J3J). 

3 See the recent review by Armoni, Shifman and Veneziano |19) and References therein. In Ref. |20) l/N 
corrections are analysed. 
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2 Type OB String Theory 



In this section we summarize the properties of Type string theories. In particular we 
will discuss their spectrum and D branes and compute the annulus diagram describing the 
interaction between D branes. 

Type string theories are non super symmetric string models obtained by applying 
on the Neveu-Scharz-Ramond model for closed strings the following non-chiral diagonal 
projections: 

1 + f_i\F+F+G+G 1 ± r±\F+F+G+G 



NS-NS 



Pr-r 



(1) 



2 " 11 2 

where the upper [lower] sign corresponds to OB [OA]. F is the world-sheet fermion number 
defined as 

oo 

F = ^-t^t ~ 1 (2) 

t=l/2 



in the NS-NS sector and 

\F 



(-1)* =!M-1) 



F R 



4> 11 =2 5 7P° Q 7P 1 Q ...4> 9 Q , F R = J2^-nA, 



(3) 



71=1 



in the R-R sector, with analogous definitions for F and (— 1) . G is the superghost number 
operator defined as follows: 



G 



G 



E 

m=l/2 



(7-mAn + P -m7m J 



-7oA) 



oo 

E 

171=1 



—m^fm ) 



NS sector 



R sector 



(4) 



(5) 



In addition it is imposed that the fermionic NS-R and R-NS sectors are eliminated from 
the physical spectrum, obtaining purely bosonic string models. Their spectrum can be 
determined by keeping only the string states that are left invariant by the action of the 
operators given in Eq. $J$, i.e.: 

Type OA (NS - , NS -) <g> (NS + , NS +) ® (R- , R+) <g> (R+ , R-) (6) 
Type OB (NS - , NS -) <g> (NS + , NS +) (R- , R-) ® (R+ , R+) (7) 

where the signs in the various sectors refer to the values respectively taken by (— 1) F and 
(—1) F . In the (NS — , NS — ) sector the lowest state is a tachyon, while the massless states 
live in the (NS + , NS +) sector. In the picture (—1, —1) they are described by: 

|o, 6, fc) ( _i,_i) (8) 

2 2 

and are the same as in Type II theories, namely a graviton, a dilaton and a Kalb-Ramond 
field. In the R-R sector, instead, we have the following massless states in the picture 
f_I -I). 



u A (k)u B {k)\A)„ 



i . 

2 



(9) 
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Since the terms containing G and G in the second equation in ((J) act as the identity, the 
projector -Pr-r imposes the existence of two kinds of R-R (p + l)-potentials for any value 
of p (Cp+i and Cp+i) characterized respectively by: 



UAl'^^l =0 ; uj 1 -^) =0 (10) 



B 



and by 



B 

where the upper [lower] sign corresponds to OB [OA]. The doubling of the R-R potentials 
implies the existence of two kinds of branes that are charged with respect to both the 
potentials. We follow the convention of denoting by p and p' respectively branes having 
equal or opposite charges with respect to the two (p + 1) R-R potentials. The p and p'- 
branes are called respectively electric and magnetic branes j!2j . In the case of a D3-brane 
the two potentials C4 and C4 have field strenghts F$ and F5 that are respectively self-dual, 
F5 = *i<5, and antiself-dual, F5 = — *F§, as follows from Eqs. (jTU)) and ((TTj) . This means 
that, if we take the linear combinations: 

(C A f = -j=(C4±C4) (12) 

one can see that the Hodge duality transforms each field strength into the other according 
to the relation *i 7 g t = FjF. Therefore, while the D3-brane of Type IIB is naturally dyonic, 
in Type OB the dyonic D3-brane is constructed as a superposition of an equal number of 
electric and magnetic D3-branes. 

The existence of two different kinds of branes in Type theories (the p-brane and the 
p'-brane) implies the one of four distinct kinds of open strings: those stretching between 
two p or two p'-branes (denoted by pp and p'p') and those of mixed type {pp 1 and p'p). 
This means that the most general Chan-Paton factor A in the expression of the open string 
states has the following form: 

":',)■ as) 

V pp pp J 

Open/closed string duality makes the following spin structure correspondence to hold |12j : 

Interactions Closed states Open states 

pp p'p' NS-NS NS 

pp p'p' R-R NS(-1) F (14) 

pp' p'p NS-NS(-1) F R 

pp' p'p R-R(-1) F R(-1) F 

From this scheme, it is easy to see that the spectrum of pp and p'p' strings contains only 
the NS and NS(— 1) F sectors |12| |16j whose massless excitations are the bosons of the 
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gauge theory. In the case of Z)3-branes one has: 

( PP o 



A" 



p'p' 

pp 
p'p' 



®^ 1/2 |0)_i 

®vi V2 |o)-i 



a = 0, . . . , 3 
j = 4,...,9 



(15) 
(16) 



A a corresponds to the gauge vector of the gauge theory, while the (p l, s represent six adjoint 
scalars. On the other hand pp' strings have only the R spectrum ^2] |16| which provides 
fermions to the gauge theory supported by the branes. The lowest excitation of these 
strings are: 




(17) 



being a Majorana-Weyl spinor of the ten-dimensional Lorentz group. The interac- 

2 

tion between two branes of the same kind is |12| : 

_1)G + 



7° 



dr. 
27 



Tr N s 



e- 27rrL °(-l) 



(hi 



V p+1 (87r 2 a') 



E+l 
2 



dr y 2 r 1 

— e 27TQ' — 

r 2 ^ 



/a(fe) 



/ 4 (fc) 



(18) 



where o stands for open, y is the distance between the branes and Gb c is the ghost number 
operator. The interaction between a p and a p'-brane is obtained by computing the trace 
in the R-sector |T2]: 



7° 



dr 

— Tr R 
2r 



-2tttLq i 



-v. 



p+H 



P+3 e 
T 2 



27TCK 

2 



2 

/ 2 (fc) 
h(k) 



(19) 



The explicit expressions for the functions fi(k) can be found in App. A of Ref. Eqs. 
(|18|) and l|19|l can be written in a more compact form by introducing, in the trace of the 
free energy, the following projector: 



1+ -1 



(-1)* 



(20) 



that, as we have mentioned above, eliminates all fermionic states from the spectrum since 
F s is the space-time fermion number operator. The introduction of this operator is quite 
natural if one regards Type string theory as the orbifold Type IIB/(— l)^ 3 Prom 
this point of view, the spectrum of the physical closed string states, written in Eqs. I|BJ) 
and (0), is made of the untwisted and twisted sectors of this orbifold. Of course the 
untwisted spectrum coincides with the bosonic states of Type II theories. The twisted 
sector can be more easily determined using the Green-Schwarz formalism, rather than the 
NS-R one, due to the simple action of (—1)^ on the space-time fermion coordinates S Aa . 
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Here A = 1,2 and a labels the two spinor representations of the light-cone Lorentz group 
SO (8), namely it is either an 8 S or 8 C index. In the twisted sector the boundary conditions 
on these coordinates are antiperiodic rather than periodic. Hence, the Fourier expansion 
for them contains half- integer fermion modes. The lowest level corresponds to a tachyon 
while the first one, corresponding to the massless states, is given by: 



S%S%|0}|®|0) 

2 2 
2 ~ 2 



S%S\|0)® |0> 



in Type OB 
in Type OA. 



(21) 
(22) 



These states provide the doubling of the R-R forms previously discussed. 

The spectrum of open strings can be easily obtained in the NS-R superstring formalism. 
Since a stack of N dyonic D-branes of Type contains N p-branes and N p'-branes, the 
massless open string states living on their world-volume are the subset of the massless 
open string states living on the world-volume of 2N Dp-branes of Type II theories, that 
are invariant under the action of the operator (— l) Fs ■ However, in order to recover the 
results given in Eqs. (|15jl. (jlfij) and (|17j) . we have to define a non trivial action of the 
space-time fermion number operator on the Chan-Paton factors, i.e. [23] |24| : 



where 



7(-i)i 





(23) 



(24) 



and N, M denote the number of p and p'-branes respectively. The requirement of invari- 
ance for the physical states imposes the following constraints on the Chan-Paton factors: 



A (ns) 



7(-i)i 



, A (NS), 



(-1)' 



A (R) 



"7(-i)i 



(-1)' 



(25) 



where the minus sign is due to the action of F s on the space-time fermion \A). It is easy 
to see that the previous equations are satisfied by the matrices given in Eqs. (fl3|) . (|TH|) 
and (|17|) . The free-energy is now written as: 



Z" 2 / ^Tr NS _R 



1 



Tr[I] z y p+1 (87rV) 



-2tttLq 



_ p+l 



-Peso 



(It 



1 + ("1) J 



V 2 r 1 



— -e 2ira' — 

T 2 ^ 



h(k) 



h(k) 
h(k) 



fl(k) 



+ -Tr 
2 



7(-i)i 



— — e 27TCt' — 

2+3 2 



r 2 



h{k) 

h(k) 



fi(k) 



Mk) 
h(k) 



— Zp P + 2Zpp' + Z°, pl 



(26) 



Since the traces of the Chan-Paton factors are given by 

1 2 



Tr [I] = (N + M) Tr 



7(-i)i 



(n - My 



(27) 
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we can rewrite the previous equation as follows: 



T 2 



p+i f dr 



N 2 + M 2 



f3(k)Y (h{k) 



h(k)J \h(k) 



We see that Eqs. ((TH|) and ((T^|) are obtained by putting respectively M = 0, N = 1 and 
N = M = 1 in Eq. (|28j) . while by taking N = M we get the interaction among composite 
objects made of an equal number of Dp and Dp'-branes. 

To conclude, let us observe that the world-volume of a dyonic D3-brane configuration 
(corresponding to the case iV = M) supports a U(N)xU(N) gauge theory with six adjoint 
scalars for each gauge factor and four Weyl fermions in the bi-fundamental representation 
of the gauge group (N , N) and (N , N). The number of bosonic degrees of freedom of the 
open strings attached on the N dyonic branes is 8iV 2 x2, and coincides with the number 
of the fermionic ones. Therefore, the gauge theory supported by these bound states, even 
if non-supersymmetric, exhibits a Bose-Fermi degeneracy. From this point of view, the 
interaction between two dyonic branes vanishes because of a perfect cancellation between 
the contribution of bosonic and fermionic degrees of freedom, ensuring the stability of 
the configuration. The Bose-Fermi degeneracy turns out to be an essential ingredient for 
making the gauge/gravity correspondence to hold. We will come back on this point later. 

3 Orientifold Q'Iq(-1) Fl of Type OB 

In this section we study Type string theory on the orientifold Q'Iq(— 1) Fl , where Q.' 
is the world-sheet parity operator, Iq is the inversion on the six space-time coordinates 
labelled by i = 4, . . . , 9, i.e: 

h: (x 4 ,...,x 9 )^(-x 4 ,...,-* 9 ) (29) 

and Fl is the space-time fermion number operator in the left sector. 

The orientifold fixed plane is, by definition, the set of points left invariant by the 
combined action of Q' and Iq. In our case such a plane is located at x 4 = • • • = x 9 = 0. 

The action of the world-sheet parity operator f2' in the open string sector is: 

n'amn'' 1 = ±e i7vm a m n'ip r n'~ l = ± e i7rr Vv (30) 

for integer and half-integer r and the signs ± refer respectively to NN and DD boundary 
conditions. The Vl' action on the ghost and superghost oscillators is instead given by: 

Q'b n n'~ l = e i7rn b n Q'PrQ'- 1 = e inr p r (31) 

and by analogous expressions for the c-ghost and the 7-superghost. Finally, its action on 
the NS and R vacua is 

n'|0)_i = -i|0)_i (32) 
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n'\A)_i= -\a)_i n'\A)_i =-r p+1 ...t 9 \a)_i (33) 

2 2 2 2 

where the first equation in ()33|) must be used in the case of NN boundary conditions, while 
the second is valid for DD boundary conditions along the directions {p + 1, . . . ,9}. 
The action of Cl' in the closed string sector is : 

n'bnn'- 1 = l n n'cnn'- 1 = c n n'Prri' 1 = j3 r n'^n'- 1 = % (34) 

and 

n'flo)-!® |6)_i) = -|o)_i®|5)_i (35) 

tf(\A)_i®\B)^ = (T n ) B D \D)_i (36) 

Finally, let us notice that the reason why the orientifold projector contains the term 
(—1) Fl with the space-time fermion number operator of the left sector is that, in general, 
the operator SVi-jn squares to unity only for n even. In fact ifn represents a 2tt rotation 
in n planes and, for n odd, is equal to (— l) Fs = (—1) Fl+Fr . Therefore: 

[n'l 2n (-lfL] 2 = IU-V Fl+Fr = I n = 1,3 (37) 

where we have used the fact that fi'(— l)^^' -1 = (— 1)^ and O' 2 = 1. The introduction 
of (— 1) Fl is also consistent with the general property that making the orientifold projec- 
tion Vl'I n is equivalent to performing n T dualities on the unoriented theory. T-duality 
transforms Q' into Q'I n (— 1) Fl where the last operator is again present only if one rotates 
fermions in an odd number of planes (i.e for I 2 and Iq). 

3.1 Open and closed string spectrum 

Let us determine the spectrum of the massless open string states attached to N D3-branes 
at the orientifold plane. The generic massless open string state in Type is given by: 

A a = X A ^ 1/2 \0,k) , f = X^i 1/2 \0,k) , i> = X^\s ...s 4 ) (38) 

being A a 2Nx2N matrix, a = 0, ... ,3 and % = 4, ... ,9. By imposing the invariance 
under the space-time fermion number operator given in Eqs. ()2U|) and (|24|). we obtain for 
the bosonic Chan-Paton factors the diagonal structure given in Eqs. ()15|) and ()16|) and for 
the fermionic ones the off-diagonal structure in Eq. (|17|). On these states we have then to 
impose the orientifold projection and select only those states that are invariant under the 
action of In the NS-sector we have: 

fi'ie ^ 1/2 |(U) ->-^« 1/2 |0,fc> , fi'l 6 ipl 1/2 \0,k) ->-#_i /a |0,A:} (39) 

4 In Refs. |25|. |26| and |27| a different definition of the world-sheet parity operator is used where the 
action of £2' on the R-R vacuum is not as in Eq. 1361 . 
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and therefore the invariant states satisfy the constraint: 

In the R-sector, instead, we have to determine how the reflection operator acts on the 
spinor state. By observing that a reflection in a plane corresponds to a rotation of an 
angle tt in the plane, we can write: 

j, = e^ 45 ^ 589 ), (41) 

being S lJ the zero modes of the Lorentz group generators, i.e: 

s ij = -\[4^o\ , v^j^r*. (42) 

By introducing the operators 

pOpl p2i-p2i+l 

N = — , Ni = -i with i = l,...,4 (43) 

it is straightforward to verify that N2 = S 45 , N3 = S and N4 = S 89 . In conclusion we 
get: 

3 

/ 6 |s ...**) = e^^+^so ... S4 ) = J]( ±2 ^)l s o • • • ^4) = ±r 4 . . . T 9 \s ••• 54) (44) 

1=1 

where we have taken into account that the state |sq . . . S4) is an eigenstate of the operator 
Ni with eigenvalue Sj = ±1/2. By choosing in Eq. (|44|) the niinus sign we obtain the 
result given in Ref . j^Hj ; while by choosing the plus sign we find agreement with Ref . [25] • 
We follow the latter convention and therefore in the R-sector we write: 

Q'I 6 \s . . . s 4 ) = I s • • • S4) =>• in'ie^livig = -V (45) 

In the previous equation we should also take into account the action of the operator (— 1) Fl . 
This is irrelevant or gives an extra minus sign in the R-sector depending whether the open 
string is considered respectively the right or left sector of the closed string. However, it 
is simple to check that this sign ambiguity is completely irrelevant in determining the 
spectrum of the massless states. 

In the last part of this section we determine the orientifold action on the Chan-Paton 
factors. First we observe that the Chan-Paton factors have to be 2Nx2N matrices in 
order to take into account their images under Furthermore, following Ref. they 
have to satisfy the constraint 7n'/ 6 = ^lE'ie ^ na ^ i m phes 

lU'Ie = • (46) 

Substituting Eq. (|46|) in Eqs. I|40|) and Ij45|) . one gets for the bosonic and fermionic 
Chan-Paton factors: 





^ =1 AT } ^ = , „. 1 (47) 
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where in the last expression we have implemented the hermiticity of the Chan-Paton factor 
and the matrix B can be chosen to be either symmetric or antisymmetric depending on 
how the sign in Eq. (|46|) is chosen. The number of bosonic degrees of freedom is 8iV 2 which 
corresponds to one gauge boson and six real scalars transforming according to the adjoint 
representation of SU(N). In the fermionic sector one has 8iV 2 ± 8N corresponding to 
four Dirac fermions in the two-index symmetric (+) or antisymmetric ( — ) representation. 
Notice that the spectrum does not satisfy the Bose-Fermi degeneracy condition that holds 
in Type theory. In this case such a degeneracy is present only in the large ./V limit. 

Moreover the spectrum of this theory has the same bosonic content as N = 4 SYM. 
This is an example of planar equivalence ^5] between a supersymmetric model, the N = 4 
SYM, which plays the role of the parent theory and a non-supersymmetric one, that is the 
orientifold 1) l of Type OB, which is the daughter theory, the two being equivalent 

in the large N limit. In section ETUI using string techniques, we will explicitly see that in 
this limit the two theories have the same /3-function. 

Let us consider the closed string spectrum. Since 0' leaves invariant the metric and the 
dilaton, while changes sign to the Kalb-Ramond field it is easy to see that in the NS-NS 
sector the orientifold projection selects the following states 

4>, 9a/3, 9ij, B ia with a,/? = 0, ... ,3 i,j = 4,...,9 (48) 

where (f), g and B are respectively the dilaton, graviton and Kalb-Ramond fields. In the 
R-R sector the states which are even under the orientifold projection are 

(R+,R+) — > Cq, C a i, Coi23, C a pij, Cijhki (49) 



(R— ,R— ) > C a p, Cij, C a /3~fi, C a ijk, (50) 

The previous results follow from the fact that, because of Eq. ()36j) . in the sector (R+, R+) 
where Tn = 1, Q' leaves C2 invariant and changes the sign of Cq and C4. In the sector 
(R— ,R— ) one has instead Tn = — 1 and therefore £1' leaves Cq and C4 invariant and 
changes the sign of (7 2 . Notice that the R-R 5-form field strength surviving the orientifold 
projection is the self-dual one (dC^ = *dC^), while the anti-self dual one {dC± = — *dC±) 
is projected out. The twisted sector is simply made of open strings with NN bound- 
ary conditions in the directions {0, . . . , 3} and DD boundary conditions in the directions 
{4,..., 9}. 

3.2 One-loop vacuum amplitude 

In this section we compute the interaction between two stacks of N D3-branes in the 
orientifold VL'Iq, the action of the operator (— 1) Fl being irrelevant in the open string 
calculation, as previously discussed. 
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The one- loop open string gets two contributions, the annulus Z e and the Moebius strip 



z° 



Z° + Z° OJ 



dr 



7>NS-R 



g + ah i + ( _ 1)Gbc (-i) G + (-i) F ( 

2 2 1 J 2 



-2tttL, 



(51) 



The annulus contribution is equal to the one in Eq. (|28jl with M = N and with an extra 
factor 1/2 due to the orientifold projection. For p = 3 we get: 



TV 



V 4 



dr 



Svr 2 a') 2 / 2r 3 



/ 3 (fc) 
fl(k) 



Mk) 
h(k) 



(52) 



In particular it vanishes because of the abstruse identity. The contribution of the Moebius 
strip, corresponding to the insertion of SI'Iq in the trace, is instead non-trivial. Let us 
first compute, for such a term, the trace over the Chan-Paton factors. By fixing the 
normalization as (hk\nm) = Skn^hm, one finds: 



Tr 



CP. 



[(hk\n'l 6 \ij)] = Tr 



Tr 



CP. 



[{Kk\QU 6 (-lf>\ij)] =Tr 



-1-1 T T 

7n'/ 6 T( _ i ) f s In' i 6 7( - 1 ) f s 



(53) 



Furthermore, from the explicit form of the matrices introduced in the last expression and 
given in Eqs. I|24[) and 1)461) . it is straightforward to check that 



Tr 



7 f y/ 6 7 ( _ 1 1) F s 7Q'/ 6 7( r _i)F s 



-Tr 



7n'/ 6 7o'/ 6 



(54) 



This identity implies that the NS contribution to the free energy vanishes. 

A non-vanishing contribution comes from the R sector, where the trace over the non- 
zero modes (n.z.m.) gives 



Tr£ 2 - m - |e 



-2-ktN, 



n'Je(-i) 



Gl 



(ik)- 2 /3 



2 1 



rr-L. n.z.m. 



[e-^ N m'i 6 (-i) F ] = (i*)- 2 ^ (<*), 

while the trace over the zero modes (z.m.) is given by: 

Trfj m - [n'h{-l) Go ] = Tv z R m - [{-if ] = 2 4 
Ti z R m - [n'l 6 {-l) Fo ] = Tr z R m - [(-1) F °] = 0. 

By inserting Eqs. (|53[). (|54(1 and (|55l -i- I5H)) in the term with fi'/g in Eq. (|51[1. we get: 

Vi 



(55) 
(56) 



(57) 
(58) 



7° 



4(8tt 2 c^ 2 



Tr 



T -1 

7n'/ 6 7n'/ 6 



°°dTff 2 (ik) 

3 



T 



(59) 



where we should use that Tr 



T -1 

7f7'/ 6 7n'/ 6 



±2iV. Notice that, because of the Moebius strip 



contribution, the interaction between two T)p branes in this orientifold, is non vanishing. 
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The previous equation, together with the third term of Eq. (|52j) . gives the total 
fermionic contribution to the free-energy which at the massless level reduces to: 

Z° (femionic massless) = -(8iV 2 + 8A0- — 7 / (60) 

As usual, the factor (8N 2 ± 8N) in front of the previous expression counts the number of 
the fermionic degrees of freedom of the world-volume gauge theory, which indeed agrees 
with the counting of the previous subsection. As already noticed, we do not have the 
same number of bosonic and fermionic degrees of freedom propagating in the loop and, 
in particular, the additional ±8N fermionic term comes from the Moebius strip, which 
therefore is responsable of spoiling the Bose- Fermi degeneracy of the theory [21]. This 
contribution is subleading in the large N limit. 

Notice that Eq. (|59|). apart from the Chan-Paton factors and the substitution k — > ik, 
is 1/2 of the free energy describing, in the R-sector, the interaction between two D3-branes 
in Type IIB string theory. It is, by the way, also equal, with the previous substitutions, 
to the correspondent expression in Type theory, given in Eq. (fTU|) . 

3.3 One-loop vacuum amplitude with an external field 

Let us consider, in the open channel, the interaction between a D3-brane dressed with a 
constant SU(N) gauge field and a stack of N undressed D3-branes. The gauge field is 
chosen to have only the entries Fq\ = 27ra'/ and F23 = 2ira'g different from zero. The 
presence of the external field modifies Eq. (|59|) as follows: 



ryot^ 2Tr l^n>i G ln>h\ r. /— — ; r~ /*°° dr . 

l-^Jn'/e = (8~7rVp J x y-det{T] + t< ) J — e 2™' sin irvf sin irv. 



T -1 



00 



fj(ik)e 2 (iv fT \iT + 1/2) 6 2 (iv g r\ir + 1/2) 

ffiik^xiivf^iT + 1/2) &x (iu g r\iT + 1/2) 1 ' 



where [TT] : 



1 1 + 2W/ 1 l-27ria'g 

vt = log -, v„ = log — . (62) 

; 2vri 6 1 _ 2vra' / 2vr? 1 + 2-nia'g y ' 

Notice that in the previous expression we should have put y = because all branes are 
located at the orientifold point. However we keep y 7^ because it provides a natural 
infrared cutoff. Eq. ()61|) describes the Moebius strip with the boundary on the dressed 
brane. The trace over the Chan-Paton factors gives ±2 counting the dressed brane and 
its image under The overall factor 2, instead, is a consequence of the fact that in the 
trace we have to sum over two different but equivalent open string configurations: the first 
one in which only the end-point of the string parametrized by the world-sheet coordinate 
a = is charged under the gauge group, and the other one in which the gauge charge is 
turned instead on the other end-point at a = ir. 
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We are now going to compute the field theory limit of Eq. (|61|) which gives the cor- 
responding Euler-Heisenberg effective action and the threshold corrections to the running 
coupling constant. 

The field theory limit can be performed by taking ol — > and r — > oo in such a way 
that the Schwinger parameter of the field theory a = 27ra'r is kept fixed. Using in this 
limit the equations (|1U2() -^ (|1U5|) given in Appendix, from Eq. ()61l) we get: 

7 F _ T 16 f ,4 f°° do ' -t&ti° i ft cos(<r/) cosh(c75) 



Z - T771? / <rx / — e fg (63) 

(4vr) 2 J J a y sin(a/) sinh^) 



Finally, expanding Eq. (|B*3*|) up to the quadratic order in the gauge fields yields: 

16 f , A f°° da _„2 „ \ 1 2 /?2 -2\ 

1 - 3^ (/ - 9 " 



(4vr) 2 y A /A 2 a 3 



'1/A : 

where A is an UV cut-off and = is an IR one. By using 



(64) 



f-f = - F ; v F^\ (65) 



one gets the following expression for the running coupling constant: 



T^ogT^ (66) 



5ym(^) Sym(A) 3tT 2 *A 2 * 

where the tree diagram contribution has been introduced by hand. Finally from Eq. (|66fl 
one reads the expected /3-function 

^ =± wr>T- (67) 

As already observed, in the planar limit N — ► oo with A = <?ym-^ fixed, the ratio 
P(9ym)/9ym reduces to zero and coincides with the one of its parent theory N = 4 
SYM. 

In the last part of this subsection, in order to explore the validity of gauge/gravity 
correspondence in this non-supersymmetric model, we evaluate the threshold corrections 
to the running coupling constant. 

The starting point is again Eq. Q61j) that we now expand up to the quadratic order in 
the gauge fields without performing any field theory limit (more details on the calculation 
can be found in the Appendix) obtaining (k = e _7rr ): 



1 f°° dr (h{ik) 



9ym ( 4 ^) 2 Jo T \fi(ik) 



i + ^lo g /| W 



(68) 



Moreover by performing the field theory limit and keeping the product a = 2na'T fixed, 
we get the same expression of the running coupling constant obtained from the Euler- 
Heisenberg action given in Eq. (|66|) . 
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It is also interesting to write the interaction given by Eq. (|61j) in the closed string 
channel by performing the modular transformation r = l/4i, as shown in Appendix: 



1 f I /*°° dt 

zc ( F )n'h = J d A xy —det(r] + F) J — e~2^ sinvrz^ sinvrz^ 

/|(ig)e 2 (^ + ±)e 2 (^t + ±) 



(69) 



ff(i q )Q 1 (^\it + l)@ 1 (^\it+^- 
Expanding the previous equation up to the second order in the external field gives (with 



-7Tt\ 



.°° dt J ff 2 (iqy :< 



g\ M (4tt)2 7 4f3 " \ h (i q ) 



6 7T 



(70) 



Under the inverse modular transformation t = l/4r this equation perfectly reproduces the 
expression obtained in the open channel (Eq. (|68j0 . as one can easily check by using Eqs. 

The field theory limit of the previous expression, realized as t — > oo and a' — > with 
s = 2-Tra't fixed, gives a vanishing contribution to Eq. (J70J). One could be led to conclude 
that the gauge/gravity correspondence does not work in this non-supersymmetric model. 
However, in the planar limit (N — ► oo and gy M N fixed) the theory has a vanishing (3- 
function, as noticed after Eq. (|67|) . Therefore one can conclude that the gauge/gravity 
correspondence holds in the large N limit, where the Moebius strip contribution is sup- 
pressed and the gauge theory recovers the Bose-Fermi degeneracy in its spectrum. 



4 Orbifolds of previous orientifolds 

In this section we consider some orbifolds of the previous orientifold theory and, within 
this framework, we analyze the world-volume gauge theory living on N fractional branes. 
Those are branes fixed at the orbifold singularity and having a non conformal gauge theory 
on their world- volume. The open strings attached to them have Chan-Paton factors trans- 
forming according to irreducible representations of the orbifold group and this property 
makes them the most elementary solitonic objects in the theory. We start by discussing 
the gauge theory living on ./V fractional D3-branes in the orbifold C 2 /7,2- In the planar 
limit this theory, which is not supersymmetric, shows some interesting common features 
with N = 2 super Yang-Mills. 

Then we will turn to the more interesting case of the orbifold C 3 /(Z2 X Z 2 ). Here 
the gauge theory living on N fractional branes is the one recently discussed by Armoni- 
Shifman-Veneziano, that for N = 3 reduces to QCD with one flavour. 

4.1 Orbifold C 2 /Z 2 

The Jj2 group is characterized by two elements (1, h), being 1 the identity element and h 
such that h? = 1. We choose Z 2 to act on the coordinates x m with m = 6,7, 8, 9. Therefore, 
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introducing the complex combinations z = (z 1 , z 2 ), where z 1 = x 6 + ix 7 , z 2 = x 8 + ix 9 , 
the non trivial element of the orbifold group acts on them as follows: 



h:(zi, z 2 ) -> {-zi , -z 2 ). 



(71) 



The gauge theory living on the fractional D3-branes is the "L 2 invariant subsector of the 
open string spectrum introduced in Sect. 13.11 In order to construct it explicitly one also 
needs to know the action of the orbifold on the spinors states: 



H:\sq = 1/2, si S2S3S4) 



e i7T{s3+Si) \s 



1/2, si S2S3S4) , 



(72) 



where Sj = ±1/2 and so has been fixed to 1/2 by the mass-shell condition. Using Eqs. 
l"7T)) and ((72*)) it is easy to see that the spectrum contains one SU(N) gauge field, two real 
scalars in the adjoint representation of the gauge group and two Dirac fermions in the 
two-index symmetric (or antisymmetric) representation. Notice that the spectrum has a 
common sector [T"""| with J\f = 2 SYM, namely the bosonic one. However, because of the 
fermionic contributions which are different, the one-loop /3-function of our theory contains 
a subleading correction in 1/N with respect to N~ = 2 /3-function: 

9ym N 



P(9ym) 



9ym 
(4vr) 2 



11 N 4iV±2 

— N + 2— + 2 

3 6 3 2 



(4vr) 5 



2± 



3iV 



(73) 



In the large N limit the subleading term in 1/N is suppressed and the two /^-functions 
coincide. This circumstance signals the existence of a planar equivalence between the two 
theories at one-loop and suggests the possibility of an extension of such equivalence at all 
perturbative orders. 

The free energy, which describes the interaction between a stack of N undressed D3 
branes and a dressed one, is given by: 



z 



dr. 



-Tr NS - 



R 



1 + 



X (-1) 



G b 



+ (_!)• 



-2tttL 



Z° + Zq'i- + Z% e + Z%, 



(74) 



where the trace over the Chan-Paton factors has been understood and we have used the 
following notation: 



7° 



7° 



n'/ 6 (-i) Fs 



/2 



Z he + Z he(-l) F s) / 2 

z m'i 6 = [ z hn>i 6 + Z hQ'i ti (-i) F s) I 2 ■ ( 75 ) 



However notice that the term (— l) Fs gives a non vanishing contribution to the trace on 
the Chan-Paton factors, only if it appears together with the projector namely in the 
terms appearing in the second line of Eq. I|75|) . 
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The first two terms of Eq. (|74|) are those that we have already computed in the previous 
section (apart from an additional factor h coming from the orbifold projection). Here we 
need just to evaluate the last two terms. The third one turns out to be 



4 sin7r^ sin7Tfg 



®\{Q\iT)Qi{ivfT\iT)Qi{iVgT\ir) 
[0|(O|ir)©4(w/r|ir)64(if 9 r|ir) — Q\{G\ir)Q^{ivfT\ir)Q^{ivgT\iT)\ 





and is equal to the one appearing in the pure orbifold calculation . To get the previous 
equation we have used: 

Tr{ij\e\nm) = SjjSmm = 4N Tv(ij\(-l) Fs \nm) = (77) 

where the indices i, m = 1, ...,N,N + 3, ...,2N + 2 enumerate respectively the stack of 
N undressed branes and their images, while the indices j, n = N + 1, N + 2 indicate the 
dressed brane and its image. 

Analogously the last term in Eq. (|74|) can be obtained from Eq. (|7b|) with the substi- 
tution k —* ik. As noticed after Eq. (2.5) of Ref. in the twisted sector, only the NS 
and NS(—1) F and R(—1) F sectors contribute to the interaction . However, the presence 
of the Type OB projector ^ — makes the NS and NS(— 1) F contributions to vanish 
because of Eqs. (j53|) and (j54[) . Thus the only twisted sector which gives a non vanishing 
contribution to the interaction is the R(— 1) which is equal to 

Z °m>U = ±^2 / d*xF^J~ ±e-&. (78) 



The overall factor 2 again takes in account the two inequivalent configurations that we have 
to consider in evaluating the trace, as discussed after Eq. (J62p. Therefore the coefficient 
of the kinetic term of the gauge field in this theory comes only from the second and third 
term of Eq. (|74j) and it turns out to be: 

T 81 /. 2 

2N T 



1 1 



9ym 1671-2 



3 



log (79) 



consistently with our previous calculation in Eq. (|73|) . Moreover from Eqs. ()76|) and (|78|) . 
following the same procedure as in Ref. one can read also the 9 angle which turns 

out to be 

Oym = 29(N±2), (80) 

where 8 is the phase of the complex cut-off Ae~ tS . 

The gauge theory here obtained shares some common features with N = 2 SYM. As 
previously noticed, the running coupling constant and the /3-function of this theory, in the 
large limit, reproduce those of M = 2 SYM. Moreover also the 9 angle in Eq. (|8U|) in 
the large N limit reduces to the one of N = 2 SYM, implying that, in the planar limit, 
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the two theories are very close to each other. This connection appears as the natural 
extension to the case AT = 2 of the Armoni, Shifman and Veneziano planar equivalence 
for M = 1 , in which the parent theory is the N = 2 SYM and the daughter theory is the 
world- volume theory of N fractional branes of our orbifold. 

Finally, it is useful to rewrite the previous expressions in the closed string channel 
where, because of the open/closed string duality, these amplitudes correspond to the tree 
level exchange diagram between a stack of N undressed branes and one brane dressed with 
an SU(N) gauge field. In particular, by using Eqs. Q115|) and (|125j) and the well-known 
modular transformation properties of the O-functions, we can rewrite Eqs. (|76jl . (|78|) and 
Zq, I( , in the closed string channel. The other terms in the free energy are irrelevant in 
the forthcoming discussion because they are vanishing in the field theory limit. From the 
annulus we obtain: 



N 



J he 



d 4 xv/-det(r/ + F) 



dt 



4 sin nvf sin Trv g 



eft 



|it)eiO/|zi)GiOg|if) 



[Q 2 2 (o\it)e 3 (vf\it)e 3 (v g \it) - el(o\it)e 2 {yf\it)e 2 (ug\it)] 



+- 



iN 



d A xF* p F aaP 



32vr 2 

while from the Moebius strip: 

1 



dt 



-e 2-Ka't 



(81) 



lir 2 a>) 2 



d*x 



, - , dt v 2 

aetyq + F) J — -^e sin KVf sin 



TTPn 



Z hn'i 6 ( F ) 



ti(i q )e 2 (^\tt + \)® 2 {^\it + \) 
ft(iq)e 1 (^\it + l)&i(%\it+±) 
2i 



"32tt 2 



d*xF^F aaf5 



dt _ v 2 

t 



(82) 
(83) 



By expanding the previous expressions up to quadratic terms in the external field and 
isolating only the terms depending on the gauge field, we have from the annulus: 



N 
'8^2 



DC 



dt 



+ iN 



32vr 2 



d 4 xF^F aaP 



o t 
00 dt 



e 2-rra't 

t 



(84) 



and from the Moebius strip: 



' 47T 



dt 
8t3* 



-^tt ( h{n) 

2-KO.'t 



h(iq) 



6 IT 



(85) 



Eqs. ()83j) and (|84|) are exact at string level even if they receive contribution only from the 
massless closed string states. For y = both of them are left invariant under open/closed 
string duality and for this reason one is able to obtain, from the closed channel, the planar 
contribution to the /3-function and the complete expression of the #-angle. 
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Eq. (|85[) , which in the open channel gives the subleading behaviour in the large N limit 
of the ^-function, receives, instead, contributions from all the string states. The massless 
pole in the open channel is not left invariant under open/closed string duality and by 
performing the field theory limit on such expression, as explained in the last section, we 
obtain a vanishing result. 

In conclusion we can assert that the gauge/gravity correspondence certainly holds in 
the planar limit where a Bose- Fermi degeneracy is recovered and the theory resembles to a 
supersymmetric theory. However, some non planar information can be still obtained from 
the closed channel as the example of the #-angle has showed. 

4.2 Orbifold C 3 /(Z 2 x Z 2 ) - A simple string realization of the Armoni, 
Shifman and Veneziano model 

Let us consider now the orbifold C 3 /(Z 2 x 7L 2 \ which contains four elements {1, hi, h 2 , hs} 
acting on the three complex coordinates 



Z 2 = Xq + IX-j Z 3 = X 8 + iXg 



(86) 



as follows: 





1 










1 


Ri = 





1 





1 Rhi — 


0-10 










1 




0-1 




" -1 










"-100 


Rh 2 = 





1 





1 Rhj, = 


0-10 










-1 




1 



(87) 



and on the spinors as: 



hi\si s 2 s 3 s 4 ) 
h2\si s 2 S3 S4) 
hs\si s 2 s 4 s 4 ) 



e *r(«3+-*)| Sl S2S3S4 ) 

e i*(-»+-4)l 81 S2S3S4 ) 



(88) 



where the sign in front of the last equation is required by the group properties. 

The states left invariant are one gauge vector and one Dirac fermion in the two-index 
symmetric (or anti-symmetric) representation of the gauge group. Also in this case the 
theory has a common bosonic sector with a supersymmetric model, that is N = 1 SYM. 
It is simple to check that the (3- function for this theory is, at one- loop 



P(9 



YM 



9ym 
(An) 2 



11 4N±2 

— AH 

3 3 2 



9ym N 
(4tt) 2 



-3± 



3iV 



which differs from the one of Af = 1 SYM because of the subleading term in 1/N. 

Notice that for N = 3 the two-index antisymmetric representation is equal to the fun- 
damental one. Therefore, with the antisymmetric choice, the world-volume gauge theory 
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living on a stack of N fractional branes in the orbifold j^L 2 x Z2) of the orientifold 
Type OB/ Q.'I & {-1) Fl , for N = 3 is nothing but one flavour QCD. This is an alternative 
and simpler stringy realization of the Armoni-Shifman-Veneziano model. In 191 and ref- 
erence therein, the same gauge theory is realized, in the framework of Type OA theory, by 
considering a stack of N D4 branes on top of an orientifold 04 plane, suspended between 
orthogonal NS 5 branes. It would be interesting to exploit the relation between the two 
models, which should be connected through a simple T-duality. 

Besides the stringy realization, the gauge theory we end with is related by planar 
equivalence to M = 1 SYM. In the language of Armoni, Shifmann and Veneziano, the 
symmetric (+) and antisymmetric (— ) choices correspond to the S and A orientifold 
theories of J\f = 1 SYM. This opens the way to a very interesting extension of many 
predictions of supersymmetric parent theory to the non supersymmetric daughter theory, 
which holds in the large A limit |19| . 

As discussed in Refs. (30] the orbifold C 3 /(Z2 x Z2) can be seen as obtained 

by three copies of the orbifold C 2 /Z, 2 where the i-th Z, 2 contains the elements (1, hi) 
(i = l,...3). 

In particular we consider the interaction between a stack of Nj (I = 1, ... ,4) branes 
of type I and a D3-fractional brane of type 1 = 1 dressed with an SU(N) gauge field. In 
this case the interaction turns out to be given by the sum of eight terms: 



f°° dr 
Z = / — Jr NS _ R 

JO T 



l + hi + h 2 + h 3 \ fe + n'l G \ /l + (-l) F < 



x (-1)°* ( ( 1} '\ +( 1} ) e- 2 ^j ee Zl + Zfr h + [Z° hie + Z° hiQ , l6 ) (90) 

Here the first two terms are the same as the ones of the previous orbifolds except for a 
further factor 1/2 due to the orbifold projection. The terms Z^, e turn out to be 

fi(N) f , I \ " ^7 f°° dr y 2 r 4 sin nvt sin Trv a 



2(87t 2 q') 2 7 v Jo t Qi(0\iT)<di{iv f T\iT)Qi(iv g T\iT) 

{0|(O|ir)04(^jr|ir)64(if g r|ir) — Q\{0\iT)Q 3 {ivfT\iT)Q 3 {iv g T\iT)^ 

*iM*f*^£±.-& (91) 

where the functions fi(N) depend on the number of different kinds of fractional branes 
Nj and are given by [30] jS^ : 

f l (N I ) = N 1 + N 2 -N 3 -N 4 
f 2 {N I ) = N 1 -N 2 + N 3 -N 4 

f 3 (Nj) = A x - N 2 - A3 + A4. (92) 

As in the previous orbifold case, all the bosonic terms of Zh.^/j 6 vanish because of the 
contribution to the trace of the projector <p — 1 while the R(—1) F sector gives 

2i 



j d*xFZ p F aa P J ^e"5& (93) 
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By extracting the coefficient of the gauge kinetic term from the field theory limit of the 
interaction in Eq. (|9fl|) and specializing to the case N\ = N, N2 = N3 = N4 = we get: 

,2 



1 1 



2 " 16vr 2 



9ym 

while the theta angle turns out to be 



4 



l°gff> (94) 



9 YM = (N± 2)9. (95) 

We can repeat the same analysis in the closed string channel by transforming under 
open/closed string duality Eq. ()9(J|) and performing all the steps explained in the lat- 
ter section. However, being Eqs. (|91|) . (|93|) and Zq,j coincident, apart from an overall 
factor, with Eqs. (|7oT) and (|T5|) we get the same conclusions as we did in the last subsection. 
In the closed string channel one is able to capture, in the field theory limit, only the planar 
contribution to the /3-funtion and the complete expression for the #-angle. Gauge/gravity 
correspondence in these non-supersymmetric models holds only in the large ./V limit even 
if some non planar results are still present in the closed channel. 
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A Some useful properties of G functions 

In this Appendix we give a detailed derivation of Eqs. (|H5|) and (J7UJ). 
The B-functions which are the solutions of the heat equation: 

jL e (v\iT) = ±d 2 Mv\iT) (96) 

are given by: 

00 

®i{v\it) = 9n(i/, = -2g3 sin^ Yl [(1 - q 2n )(l - e 2inu q 2n )(l - e'^V")] 

n=l 

00 

SaHit) = Qi (u,\it) =2gicoB7ri/ JJ l(l-q 2n ){l + e 2l ™q 2n )(l + e- 2l ™q 2n )} 

n=l 

00 

03^, \it) = e o(^, \it) = J] [(1 - 9 2n )(l + e 2 ^{2n - 1))(1 + e~ 2 ™ q 2n ~ x )\ 

n=l 

00 

Q 4 (u, |it) = @ 01 (u, |it) = II [(1 - q 2n )(l ~ e 2m q 2n - V ){\ - e~ 2i ™ q 2n - X )\ (97) 

n=l 

with q = e _7r *. It is also useful to give an alternative representation of the 0-functions: 



6 



a 
b 



[ v \t)= e 2m [K™+f) 2 *+(™+f)(-+l)] (98) 
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where a, b are rational numbers. It is easy to show that 

oo 

(„|i) = -i (-l)« e ^("-|) 2 e^(2n-i) = 01 ^ 



e 



and 



e 



1 





,\t)= ^ e^-D'e^ 2 "- 1 ) = e 2 = -9i fi/ + -|t) 



From the definition in Eq. (|98|) it is easy to derive the following identity: 







a 



y + ^t + ^lt) - (l —^ e —5 L &'+ v )e ^G 



a + ei 
6 + e 2 



(99) 



(100) 



Hi). (101) 



In order to get the Euler-Heisenberg action in Eq. ()63|) we need to use the following 
expressions which hold for r —* 00 and q' — > : 

1 1 

ei(ii/r|ir + -) -> -2i(i/c) 1/4 smli^r , Q 2 {ivr\iT + -) -» 2(ifc) 1/4 cosh 7TZ^T (102) 



and 



which, together with 



Vf -> -2a'«'/ , i/ fl -> -2a'<? 
/i(ifc) - (iA;) 1 / 12 , / 2 (ifc) - V2(iA:) 1/12 



-det(ry + F) sin 7ri// sin 7Tf 5 = i(2-Ka) 2 fg 



(103) 
(104) 

(105) 



leads to Eq. Pi . 

In order to derive Eq. (|b8|) we need the following expansions of the G-functions up to 
the quadratic order in the gauge fields: 

r 2 



G n [iurr\%T + 1/2] ~ G n [0|*t + 1/2] + 2— <9 r G n [0|zr + 1/2] / 

■ ' 7T 

^2 

p2 



l + 2-d T ]og\f 1 (ik)ft(ik)] / 2 

7T 



for n = 2, 3, 4 and 

sin7r^j 



Gi [iufr\%T + 1/2] Irffiih) 
for Gi. Inserting them in Eq. (|61|) we get {k = e _7rr ): 



(106) 



(107) 
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3vr 2 a') 2 



d^x I — e 27TQ' 

T 



l-^(f 2 -9 2 ) 



2rft(ik) 



\ + [~ + T 2 k^-\ogf 1 {ik)){f-9 2 ) 



dk 



l + 2(/ 2 - 5 2 )^-«9 T log {h(ik)fi(ik)) 



T (8vrV) 2 



d x I — e 2™' 
r 



/2(»fe) 



(108) 
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From it we can easily obtain Eq. (|68|) if we take into account that f(g) = 2ira'f(g). 

In order to write the interaction in Eq. (|61|) in the closed channel we need to perform 
the modular transformation r = l/4i that gives 



1 f I ~ f°° dt 

Z c (F) n , I( . = T ^2 a iy J d xy-det(rj + F) J ^ sin wi/f sin nv g 

/|(^)e 2 (^|i + i)e 2 (^|| + i) 



(109) 



In the following we will write the formulas for the O-functions that are needed to get the 
previous equation and to show that it is equal to Eq. I|69jl. 

Under an arbitrary modular transformation t — > jjtj, ©i transforms as follows 

/ jOt + ftN = >q t v \ t y™ 2 Kct+d) {ct d) \ (no) 
\ct + d l ct + dj 1 v 1 ; v ; y J 

where rj' is an eight root of unity. It implies the following transformation of Q\: 

^(-5"3-i)-7*(-?"5-i)^(f)' 

that is obtained from Eq. (|111|) by first making the substitutions v — > — | and i — > | — \ 
and then choosing a = d = 1, c = 2 and 6 = 0. By performing in the previous equation 
the substitution i — ► Ait we get the following equation: 

8i (~-\it --)=^i(-\- + -) e- 2/(4t) (-) 1 • (H2) 
Finally, by using Eq. ()110|) with a = b = d = 1 and c = we can write: 

0i {v\t + 1) = V®i iy\t) . (ii3) 

The latter allows us to write 
that inserted in Eq. ()112j) leads to 

In order to get the analogous transformation property of 02 we use the following 
relation: 

e2 (-2l4-2)=- e '(— li-aj- < 116 » 

Then, by applying Eq. IjllOJ) with i/ — ► i — ► | — | and a = d = 1, c = 2, 6 = 0, to 
the second term of the previous equation, it can be rewritten as 
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and then substituting it in Eq. qi!6|) and performing the substitution t — > 1/t, one gets: 

62 H's -5) = < a)l/2 ei ( (i - " )( 15 - *) ■ (U8) 

Let us consider the ©i appearing in the second term of the previous equation. By defining 
in it 1/ = I — t and then v 1 = — v — t') we can rewrite it as 



©i =©l (v'-t'+ l -\t^ 



(119) 



Therefore, by using Eq. (jlUlj) with a = b = 1, e2 = 1, ei = —2, we can write Eq. (|119|) as 
follows: 



0i ((1 " u)t |~ - t) = ie^i-^ea (-^ |~ - t) 
where we have restored the variables v and t and used the following identity: 



(120) 



e 



-1 
2 



(y\t) = -e 



1 





(p\t) = -e 2 (v\t) 



121) 



that can be easily derived starting from the general expression of the theta-function given 
in Eq. Pty. Then by inserting Eq. ljT20|) in Eq. (fTTH|) we get 



e 



1/ 1 1 
2 1 rlt ~ 2 



J_G , j -;/i| r - / ] r 
7/ 



— VKV t 



(2ty 



[122) 



Furthermore, by performing the substitution t 

©2 



4t> 



Eq. (fT2"2"j) becomes 









1 


















-"^ 2 u 


2 " 





(123) 



Finally, by rewriting B2-function in terms of 0i by means of Eq. (|1U0|> and using Eq. 
(|113() . we can write: 



02 



2' 2 

The last identity allows us to write: 



d^-,)=-0 2 "^ t+ 2 



e 2 



i/, 1 

— M + - 
2 1 2 



-102 



iv 1 

fc>2 + 4t K 



-7T!/ 2 /(4t) 



(2it)" 



The modular transformations of the /-functions with complex argument are: 
/i^e-^) = (2 S )^ 1 / 2 /i(ie-t) / 2 (i e — ) = / 2 («r£) 



(124) 



(125) 



(126) 
(127) 



Eq. (|1U9|) is obtained from Eq. (jtjlj) by using Eqs. l|126j) and by changing variable from r 
to t = ^p. Finally by using Eqs. ((TT5|) and one gets Eq. (JHU) from Eq. ([TPS]) . 
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In order to obtain Eq. (J7UJ) we have used the following expansions in the external field 



<-^(yKi + ~) - <">„ 



0|ft+- 



1 + 2g8.log [A (•«)/*(•«)] 



for n = 2, 3, 4, and 
shi7ri^ 



/f(<9) 



1 + / 2 



j-^ii og n(i-(^) 2n ) 



(128) 



(129) 



for 9i. 
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